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GAUGEABILITY AND CONDITIONAL GAUGEABILITY

ZHEN-QING CHEN

ABSTRACT. New Kato classes are introduced for general transient Borel right
processes, for which gauge and conditional gauge theorems hold. These new
classes are the genuine extensions of the Green-tight measures in the classical
Brownian motion case. However, the main focus of this paper is on establish-
ing various equivalent conditions and consequences of gaugeability and condi-
tional gaugeability. We show that gaugeability, conditional gaugeability and
the subcriticality for the associated Schrodinger operators are equivalent for
transient Borel right processes with strong duals. Analytic characterizations
of gaugeability and conditional gaugeability are given for general symmetric
Markov processes. These analytic characterizations are very useful in deter-
mining whether a process perturbed by a potential is gaugeable or conditionally
gaugeable in concrete cases. Connections with the positivity of the spectral
radii of the associated Schrodinger operators are also established.

1. INTRODUCTION

Given a strong Markov process X and a potential ¢, the conditional expectation
u(zx,y) of the Feynman-Kac transform of X by ¢ is called the conditional gauge func-
tion. (The precise definition will be given later.) The conditional gauge function
u is important in studying the potential theory of the Schrédinger-type operator
L+ q, as it is the ratio of the Green function of £+ g and that of £ (see Lemma B.5]
below), where L is the infinitesimal generator of X. The conditional gauge theorem
says that under suitable conditions for X and ¢, either u is identically infinite or
u is bounded between two positive numbers. The conditional gauge theorem was
first proved for Brownian motions by Falkner, Zhao, Chung and Cranston, Fabes
and Zhao (see Chung and Zhao [I3] for the history). It was recently established by
Chen and Song in [7] for symmetric stable processes. Very recently general gauge
and conditional gauge theorems have been established by Chen and Song in [§] and
[9) for a large class of strong Markov processes which may not be symmetric or
have continuous sample paths and for a large class of potentials. Conditional gauge
theorems are much deeper than gauge theorems, which state that under suitable
conditions for X and ¢, the expected value of the Feynman-Kac transform of X by
q as a function of the starting point of X is either bounded or identically infinite.
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The gauge theorem for Brownian motion was first proved by Chung and Rao in [IT]
for bounded ¢ and later was generalized to more general ¢ by various authors. For
the history of this theorem, we refer the reader to the recent book by Chung and
Zhao [12]. Gauge theorems have been proved for quite general Markov processes
by Chung and Rao [12] and by Sturm [38] under some variant assumptions and
settings than those by Chen and Song in [8] and [9]. The approach to the general
gauge theorem established in [8] and [9] is influenced by those in Chung and Rao
[12] and in Section 5.6 of Chung and Zhao [13]. But it is modified and extended in
some directions, and is tailored so that it can be applied to conditional processes
to yield the conditional gauge theorem for a large class of Markov processes.

The Kato classes introduced in [§] and [9] are for potentials given by functions
q and do not cover potentials given by measures p that are not absolutely contin-
uous with respect to the reference measure. For example, it does not include the
case where the potential is the surface measure of a sphere when the process is a
Brownian motion in R"”.

In this paper we introduce new Kato classes under which the general gauge and
conditional gauge theorems hold and they include singular measures. In fact, we
show that these are the genuine extensions of the Green-tight measures introduced
by Zhao [43] for Brownian motion in R™. However, the main focus of this paper
is to establish various equivalent conditions and consequences of gaugeability and
conditional gaugeability, aimed at addressing the question when the gauge or con-
ditional gauge function is bounded. We show that gaugeability, conditional gauge-
ability and subcriticality for the associated Schrédinger operators are equivalent
for transient Borel right processes with strong duals. Analytic characterizations of
gaugeability and conditional gaugeability are given for general symmetric Markov
processes, extending the recent results of Takeda [40]. These analytic characteri-
zations are very useful in determining whether (X, ) is gaugeable or conditionally
gaugeable in concrete cases. To get these analytic characterizations, we first prove a
result about the independence of the LP-spectral radius, by applying a conditional
gauge theorem. Connections with the positivity of the spectral radii of the asso-
ciated Schrodinger operators are also established. Furthermore, general gauge and
conditional gauge theorems for non-local perturbed Schrodinger operators (that is,
Schrodinger operators obtained through Feynman-Kac transforms by discontinuous
additive functionals) are also established in this paper together with their various
equivalent conditions. To ensure a broad and easy applicability of the results in
this paper, we have strived to impose as few constraints on the processes and their
potentials as possible. We point out that, in addition to their validity in the most
general settings so far, some results and approaches in this paper are new even in
the classical case when X is a Brownian motion in R™ or in a domain of R".

The conditional gauge theorem and its equivalence results for discontinuous ad-
ditive functionals will be applied in a forthcoming paper [10] jointly with Song to
study discontinuous Markov processes under pure jump Girsanov transforms and
their Green functions estimates.

The rest of the paper is organized as follows. In section 2, we introduce new
Kato classes for general transient Borel right processes having Green functions and
establish a gauge theorem for potentials from these new classes. Connections with
classical Kato classes, with classes introduced by Chen and Song in [8] and [9],
and with G-Kato measures introduced by Amor and Hansen [2] are discussed in
detail. Section 3 introduces new Kato classes for conditional processes and proves
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the conditional gauge theorem under the strong duality assumption. Several equiv-
alent conditions for gaugeability and conditional gaugeability, including the condi-
tion of positive spectral radii and the condition of subcriticality for the associated
Schrédinger operators, are given in sections 2 and 3 respectively. General gauge and
conditional gauge theorems for discontinuous additive functionals under new Kato
classes and their equivalent conditions are also presented, as well as super gauge
and super conditional gauge theorems. In section 4, we prove the independence of
the LP-spectral radius for Borel right processes with strong duals. In section 5, we
give analytic characterizations when (X, i) is gaugeable or conditionally gaugeable
under the assumption that the process X is symmetric.

To keep the exposition as transparent as possible, in sections 2 and 3 we first
present and prove results for Feynman-Kac transformations by continuous additive
functionals. We then present and prove results for Feynman-Kac transformations
given by more general discontinuous additive functionals. The latter is done under
the context that the underlying process is a Borel standard process, instead of being
a Borel right process.

In this paper, we denote “:=” to mean “is defined to be”. For functions f
and ¢, notation “f & ¢” means that there exist constants ca > ¢; > 0 such that
c19 < f < cag. For two real numbers a and b, a A b := min{a, b}. For a set K in
a space E, we use K¢ to denote its complement in E, that is, K¢:= E\ K. For a
function f defined on E, |||l := sup,ecp | f(2)].

“

2. KATO CLASSES AND GAUGEABILITY

Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset
of a compact metric space) and let B(E) be the Borel o-algebra on E. Let X =
(Q, M, My, X4, P, x € E) be a Borel right process on E having left limits on
(0,¢) that is transient in the sense of Getoor [23]. Here, a Borel right process on
a Lusin space FE is a right continuous, strong Markov process with no branching
points and with a Borel measurable resolvent. The shift operators 6;, ¢ > 0, satisfy
X060y = Xy identically for s,t > 0. Adjoined to the state space E is an isolated
point 0 ¢ E; the process X retires to 0 at its “lifetime” ¢ := inf{t > 0: X, = 9}.
Denote EU{3J} by Ey. Let m be an excessive measure of X with supp[m] = E; that
is, m is a o-finite Borel measure on B(E) such that mP; < m for all £ > 0. Here mP;
denotes the measure p defined by [, f(z)u(dz) = [, Pif(z)m(dx) for any Borel
function f > 0 on E. Since X is a Borel right process, we have lim;_,g mP;, = m
setwise. Throughout this paper, the process X is assumed to be m-irreducible in
the sense that if a measurable set A has positive m-measure, then P, [Ty < oo] > 0
for all z € E, where Ty = inf{t > 0, X; € A} is the first hitting time of A.

The transition operators P;, t > 0, are defined by

Fif(2) := Eg[f(Xy)] = Ee[f(Xy); t < (]

(Here and in the sequel, unless mentioned otherwise, we use the convention that a
function defined on E takes the value 0 at the cemetery point 9.)
We assume that there is a Borel function G(z,y) on E x E such that

B, [ I f<Xs>ds} - [ G stma)

for all measurable f > 0. G(x,y) is called the Green function of X.
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A set B is said to be m-polar if P,,,(cp < 00) =0, where op :=inf{t > 0: X; €
B}, and m-semipolar if

P,.(X; € B for uncountably many ¢) = 0.

We call a positive measure p on E a smooth measure of X if there is a positive
continuous additive functional (PCAF in abbreviation) A of X such that

(21) Lﬂmmm—T%@mEAUMM&}

for any Borel f > 0. Here T lim; |y means the quantity is increasing as ¢ | 0. The
measure p is called the Revuz measure of A. Throughout this paper, all additive
functionals should be understood in the strict sense, i.e., in the sense of []. Recall
that since X is assumed to have a Green function, any m-polar set is polar. When
X admits a strong dual, a PCAF having bounded 1-potential in the sense of [20]
with an exceptional set can be uniquely refined into a PCAF in the strict sense.
This can be proved by using the same argument as that in the proof of Theorem
5.1.6 of Fukushima, Oshima and Takeda [22]. Hence in this context, Fitzsimmons
and Getoor [20)] gives a one-to-one correspondence between smooth measures having
bounded 1-potential and PCAF in the strict sense having bounded 1-potential. Here
we just mention that such a smooth measure p is o-finite, charges no m-semipolar
sets and uniquely determines A. It is shown in Proposition 3.5 of Getoor [24] that
a positive measure p charging no m-semipolar sets with ||Goplleo < oo for some
a > 0 is a smooth measure. When X is in strong duality (with respect to m) with
a second Borel right process X , and the Silverstein’s sector condition is satisfied by
X and m, and Gq,1 is lower semi-continuous for some ag > 0, then ||Gqtlloe < 00
implies p charges no m-polar sets (cf. [20]), and therefore by Silverstein [34] p
charges no m-semipolar sets. So u is a smooth measure in this case.
For a positive smooth measure i, we define its potential Up by

Up(z) = E; [As] s

where A is the PCAF with Revuz measure p. Note that if K is a Borel subset
of E, then 1xpu is the Revuz measure for PCAF t — fot 1x(Xs)dAs. If p(dx) =
f(@)m(dzx), clearly

W@=W@:AF@W@MM-

If some additional regularity condition is satisfied by process X and its Green
function G(z,y), for example, when X has a dual Borel Markov process X or when
the Green function G(z,y) of G satisfies certain regularity conditions as specified
in Meyer [29], then for smooth measure p,

(2:2) Unta) = [ Glapuldy).
The latter will be abbreviated as Gu(z).

2.1. New Kato Classes. The following definitions are from Chen and Song [§]
and 9], and the classes in (2) and (3) are now denoted as Kuo(X) and K;(X)
respectively. For a signed measure y, we use u and pu~ to denote its positive and
negative parts, respectively.
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Definition 2.1. Suppose that p is a signed smooth measure whose associated con-
tinuous additive functional of X is A. Let AT and A~ be the PCAFs of X with
Revuz measures u and p~, respectively. Let |[A] = AT + A~ and |u| = p* +p~.
(1) Measure p is said to be in the Kato class of X, K(X) in abbreviation, if
lim sup E;[|A]:] = 0.
t—=02ecp
(2) Measure y is said to be in the class Koo (X) if for any & > 0, there is a Borel
set K = K (¢) of finite m-measure and a constant § = §(¢) > 0 such that

(2.3) U (1

il <& and [U(1plp|)le <€

for all measurable sets B C K with m(B) < 4.
(3) Measure p is said to be in the class Ky (X) if there is a Borel set K of finite
m-measure and a constant 6 > 0 such that

(2.4) Bi(w) == sup  |[U(Lieup|u])]oo < 1.
BCK:m(B)<é

In Chen and Song [8], the gauge theorem was proved for measures y = g(z)m(dx)
in K;(X). Clearly, Koo(X) C Ki(X). It is easy to see that if a measure p
satisfies condition (23)), then p(dz) = ¢(x)m(dz) for some ¢q. More precisely, there
is a function ¢ such that Uy = Ggq. Here Gq(z) = [, G(x,y)q(y)m(dy). So
INCOO(X ) excludes interesting cases of measures that are not absolutely continuous
with respect to m. We now introduce two new Kato classes of measures Ko, (X)
and K;(X), which are strict extensions of Koo (X) and K;(X) respectively, and
under which the gauge theorem still holds.

Definition 2.2. Suppose that p is a smooth measure on E.
(1) p is said to be in the class Koo (X) if for any ¢ > 0, there is a Borel set
K = K (e) of finite |p|-measure and a constant § = §(¢) > 0 such that

(2.5) 1U(kelp)lloo <& and  [[U(1s|u])lle <€

for all measurable sets B C K with |u|(B) < 4.
(2) p is said to be in the class K4 (X)) if there is a Borel set K of finite |u|-measure
and a constant § > 0 such that
(2.6) Pr(p) = sup  |U(lkeuslp])lleo < 1.
BCK:|u|(B)<d
(3) A function ¢ is said to be in a class K(X), Koo (X), or K;(X), if p(dz) :=
q(xz)m(dz) is in the corresponding spaces.

Clearly Koo (X) C K;(X). Note that u is o-finite; so from measure theory we
know that the set K in the above definitions can be taken to be a closed set or an
open set (see, e.g., Exercise 18 on page 31 of Folland [21])). The introduction of new
classes Koo (X) and K;(X) allows us to include measures that are not absolutely
continuous with respect to the measure m, while still preserving the validity of the
gauge theorem. Take X to be a Brownian motion in R™ with n > 3, for example,
and take p to be the surface measure of the unit sphere in R™. Then it is easy to
check directly that p € Ko (X). In fact, we have the following.

Theorem 2.1. Let X be a symmetric a-stable process in R™ with 0 < a < 2 and
n > «; so the Green function of X is G(z,y) = c¢(n,a)|x — y|*~ ™.
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(1) A signed measure p is in K(X) if and only if it is a Kato measure in the
classical sense; that is,

(2.7) iy sup [ eyl ) =0
B(xz,r

r—0 reR™

Here B(x,r) denotes the ball in R™ centered at x with radius r.

(2) A finite signed measure p is in Koo (X) if and only if it satisfies [Z7).

(3) A signed measure p is in Koo (X) if and only if it is Green-tight in the sense
of Zhao [43]; that is, both (ZT)) and the equation

(2.8) fim sup [ oy ul(dy) =0
R—o00 zeRn JB(0,R)e

are satisfied.
Before proving this theorem, we first establish the following.
Proposition 2.2. For p € Kq(X), Ul|u| is bounded.

Proof. Without loss of generality, we assume that u € K;(X) is a nonnegative
measure. Let K be the Borel set of finite y-measure and ¢ be the constant as in
Definition [2:2] for p. Set K can have at most finitely many atoms {w1,- -+ ,wg} of
size larger than §/2 for measure u. The remaining K \ {z1,--- ,wi} can be covered
by finitely many Borel subsets {B;, 1 < i <[} with p(B;) < 4. Since X is transient
and p is a smooth measure that does not charge on polar sets, m({w;}) > 0 and
therefore by Getoor [23] [[Udfy,1llcc < 0o for 1 < i < k, where dy,,} denotes the
measure with unit mass concentrated at w;. Hence
k !
U nlloo < U (Lxemlloo + YN0 Lguiyillos + Y 10U (Lp,10) |0 < 0.

i=1 i=1

O

Proof of Theorem [ZJl We only need to prove this theorem for positive measure
u. Note that the symmetric stable process X is a Hunt process and so the Revuz
formula (2.2)) holds.

(1) This was proved as Theorem 1 in Zhao [42].

(2) If 4 € Koo(X), Gu is bounded by Proposition[2:2l Since

e(n, 0)r* " (Bl 1)) < /B GG ) < (Gl
one has
(2.9) (B, r) < ()™t [Gplloo ™,

which converges uniformly in z € R™ to 0 as » — 0. It follows immediately from
the definition for Ko, (X) that (Z7) holds for x. Conversely, suppose that p is a
positive finite measure satisfying (27)). Note that for any measurable set A,

/ G, y)uldy) < c(n, ) / & — 4] u(dy)
A B(z,r)

(2.10) +e(na) [ & — gl u(dy)
ANB(z,r)c

< cfn, @) sup / & — 41" (dy) + e(n, @)r® " u( A).
z€R"™ J B(z,r)
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Since p is a finite measure satisfying (Z7), we see that for any given € > 0 there is
a ball K = B(0, R) such that

sup [ G(z,y)u(dy) <e.
zeR™ J e

This is achieved by first selecting r small and then taking R sufficiently large for
A = B(0,R)¢ in (210). It also follows from (2.10) that there is § = d(¢) > 0 such
that for any Borel subset B C K with p(B) < 6,

/ G(z,y)u(dy) <e for allz € R"™.
B

This proves that p € Koo (X).

(3) Suppose that u is a positive measure in K(X). We already see from the
proof above that p satisfies (Z71). For ¢ > 0, let K = K(¢) and § = d(¢) be the
Borel set of finite p-mass and the constant in the definition of p € Koo (X). Since
w((0,R)*NK) — 0 as R — oo, we have

sup [ G, y)uldy) < <
z€R" J B(0,R)°NK
when R is large enough. Therefore,

sup / G(z,y)u(dy)
zeR" J B(0,R)c

< sup ( [ Gl + [

B(0,R)°NK

G(w,y)u(dy)> < 2,

and so p is Green-tight.
Now suppose p is a positive measure that is Green-tight. For any ¢ > 0, let
R > 0 be such that

swp [ Gty <.
zeR" JB(0,R)*

It follows from (7)) that u(B(0, R)) < oo and by (ZI0),

lim sup sup / G(z,y)u(dy) = 0.
6—04eR” BCB(0,R): u(B)<sJ B

Thus p is in Koo (X). O

Remark 2.1. Theorem 2]says that the new classes Koo (X) and K; (X) are genuine
extensions of Green-tight measures to the general Markov process X.

For positive smooth measure p and o > 0, its a-potential U, p is defined as

Unp(z) := E, {/ eatdAt] , v€E,
0
where A is the PCAF of X having Revuz measure pu.

Proposition 2.3. Assume p is a positive measure.
(1) If p € Koo(X), then limy— o0 ||Uatt|loc = 0. Therefore we have Koo (X) C
K(X).
(2) If p € K1(X), then limg— oo || Uaptlloo < Br1(p) < 1.
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Proof. (1) Let p be a positive measure in K (X) and A its associated PCAF of X.
For any given € > 0, let K = K (¢) be the closed set of finite p-measure and 6 = d(¢)
the constant in Definition [Z2(2). Since alU,Up increases to Uy on E as a T oo,
by taking « large enough, the set B = {x € K : Up(x) — aU,U(x)p > €} has p-
measure less than ¢. Since U, = U —aU,U, the set K\ B = {z € K : U,pu(z) <&}
is finely closed and therefore X, ., € K\ B, where o\ p is the first hitting time
of K\ B by X. Thus by the strong Markov property,

Uant(e) = Ulliep)(@) +U(Lpp)() + Ua(liysp)(@)

E+e+ Ez [Ua(lK\B:u’)(XUK\B )}
3e.

IN N

So we have ||Uqt|looc — 0 as o T oo, which is equivalent to sup,cp E.[4;] — 0 as
t ] 0. Hence p € K(X).

(2) The same estimate above shows that for p € Ki(X), limg—oo [|Uatt]loo <
().

In [2], Amor and Hansen introduced a class of positive measures which they call
G-Kato measures. In the following we show that the G-Kato class measures are
exactly the Koo (X)-measures.

Proposition 2.4. Let u be a positive smooth measure on E.

(1) p is in Keo(X) if and only if it is a G-Kato measure; that is, Up(x) is
bounded and for every sequence of Borel sets F,, that increases to E, U(1p, u)
increases to Up uniformly on E.

(2) p is in Ky (X) if and only if Up is bounded and there is a constant 5 € (0, 1)
such that for every decreasing sequence {Dy,n > 1} of Borel sets with empty
intersection, limy, o ||U(1p, 1)|lcc < B.

Proof. (1) Suppose that p is a positive measure in Ko, (X). By Proposition [Z2]
Up is bounded. Let F,, be a sequence of Borel sets that increases to E. For any
given € > 0, let K = K(e) be the Borel set of finite y-measure and 6 = §(e) > 0
the constant in Definition [ZZ] of Koo (X) for p. As lim, o p(K \ F,,) = 0, there is
an integer N > 0 such that u(K \ F,,) < § for n > N. Hence for n > N,

1Un=U(p,mlleo < UQAK)loo + 1UAK\F, 1) ]l00 < 26

This says that U(lp,pu) increases to Up uniformly on E and so p is a G-Kato
measure.

Conversely, suppose p is a positive G-Kato class smooth measure. Since p is
o-finite and since one can exhaust E by an increasing sequence of Borel sets of
finite p-measures, for any give € > 0, there is a Borel set K of finite y-measure such
that

sup U(1gep)(z) < e.

z€E
We claim that there exists a § > 0 such that for any Borel subset B C K with
w(B) <4,

IU(Bp)lle <e.

Suppose this is not true. Then one can find a sequence of Borel subsets B,, C K
with wu(B,) < 277! so that |U(1p,p)||ec > €. Define D, := (J;s,, Bn. Then
{Dn,n > 1} is a decreasing sequence of Borel subsets with p(D,) < 27" so that
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|U(1p, p)|loo > €. Note that F,, := (E\ D,,)U(N;—; Dk) is a sequence of Borel sets
that increases to E. Since u is a G-Kato measure, U(1p, u) = U(1g\F, i) should
decrease to zero uniformly on E, which is a contradiction. Therefore p € Koo (X).

A similar proof establishes part (2) of the theorem. O

It was proved in Proposition 2.1 of Chen and Song [9] that a positive smooth
measure that is absolutely continuous with respect to m is a G-Kato measure if
and only if it is in Ko (X).

Theorem 2.5. K. (X) C Koo (X) and K;(X) c K (X).

Proof. We first show that Koo (X) C Koo(X). It is proved in Proposition 2.1 of
Chen and Song [9] that a K (X )-measure is a G-Kato measure. Thus Proposition
24 implies that Koo (X) C Koo (X).

Without loss of generality, we assume that p is a positive measure in I~(1(X ).
From measure theory we know that p can be decomposed as p = g + po, where
w1 is singular to m while po is absolutely continuous to m. Furthermore, there
is a Borel set F' so that m(F°) = 0 and p;(F) = 0. Let ¢ > 0 be such that
po(dz) = q(z)m(dz). By definition of 1 € K;(X), there is a Borel set K of finite
m-mass and a constant J > 0 such that

Pr(p) = sup  [U(lgeupp)|loo < 1.
BCK:m(B)<d
Define F, := {z € F : g(z) > 0}. Since ¢ is finite m-a.e., take n > 0 small
enough so that the set {x € K N F, : g(x) < n} has m-mass less than §/2. Then
Ky ={z e KNF: g(x)>n} has finite y-measure while m((K \ K1) N F,) < 4/2.
Now for any Borel subset B C K; with pg-mass less than 6; = nd/2,

m(B) <07 [ ale)m(de) =07 u(B) < 572

With By := ((K\ K1) N Fy) U F° we have m(BUB;1) < §. Since p does not charge
on F'\ F,, we have

Bu(p) = sup 1U(Lksus 1)l
BCKi: u(B)<é1

< sup  [[U(LxeuBuy) 1)l
BCKi: u(B)<é1
< Bup <L
This proves that u € Ky (X). O

Remark 2.2. The proof for the second assertion in Theorem 28] can be easily mod-
ified to deduce that for measure p = gm that is absolutely continuous with respect
tom, u € I~{OO(X) (respectively p € K1 (X)) if and only if 4 € Koo (X) (respectively
e Ki(X)).

We now give two examples which show that K; (X) is strictly larger than Ko (X)
even when X is a Brownian motion in R".

Example 1. Let X be a Brownian motion in R™ with n > 3. Let z, = (27%,0,
-+,0) in R™ and let

q(r) = Z 8%13(”,8%)(%)-
k=2
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It was shown in Aizenman and Simon [I] as Example 1 in Appendix 1 that

(2.11) lim sup / |z —y[* "q(y)dy > 0,
=0 eRa J B(x,r)

but, nevertheless,

(2.12) sup / lz — y* "q(y)dy := C} < 0.
zeR? "

([212) shows that (Cy +¢)~1q is in K;(X) for any e > 0 while by @11 (C1+¢) ¢
is not in Kato class K(X), not to mention in Ko, (X).

Modifying the above example, one can easily construct a positive measure u €
K; (X) that is singular to m = dx but is not in K(X).

Example 2. Let X be a Brownian motion in R™ with n > 3. Let xx = (27%,0,

+,0) in R™ and let measure p(dz) := Y=, 8" o1 (dz), where o, (dz) is the surface
measure for the sphere OB(z,8 ). Then by a similar calculation as that for
Example 1 in Appendix 1 of [I], we have

(2.13) lim sup / |z — y[> " u(dy) > 0,
=0 ;cRd B(z,r)

but, nevertheless,

(2.14) sup / |z —y|* " u(dy) == Cy < .
xeRd n

Therefore (Cy + €)1 is in K1 (X) for any & > 0 while (C +¢)~!u is not in Kato
class K(X), not to mention in K (X).

2.2. Gauge Theorem for Local Perturbations. Suppose that u is a signed
smooth measure such that ut € K;(X). Let AT and A~ be the PCAFs of X
corresponding to u and pu~ respectively. Clearly A := AT — A~ is the continuous
additive functional of X with Revuz measure pu. By Proposition [22] Az' is Py-
integrable. So the gauge function g, (z) := E; [ea({)] is well defined on E, where
ea(t) = exp(Ay).

Theorem 2.6 (Gauge Theorem I). For smooth measure p with ut € K1(X), the
gauge function g, is either bounded or identically infinite on E.

Proof. The proof is the same as that for Theorem 2.2 in Chen and Song [§], modulo
some straightforward modifications. So it is omitted here. O

Definition 2.3. Let u be a signed smooth measure of X such that x4 is in K (X).
We say (X, u) is gaugeable if the gauge function x — E,[e4(¢)] is bounded on E.

Remark 2.3. Note that the definitions of Ko, (X) and K;(X) are time-change in-
variant, in contrast to the Kato class K(X). That is, if C is a strictly increasing
PCAF of X and if Xc-1 is the associated time-changed process (more precisely,
C~t = {r,t > 0} with 7, = inf{s : C; > t}), then Koo(Xc-1) = K (X) and
Ki(Xc-1) = Ki(X). This is because if one uses the Revuz measure of C as
the reference measure for Xc-1, then by Fitzsimmons and Getoor [19], processes
X and Xg-1 have the same class of smooth measures. Furthermore, if p is a
smooth measure of X with associated PCAF A of X, then Ag-1 is the PCAF of
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Xc-1 with the same Revuz measure u. Therefore the potential Up of p is time-
change invariant; so are K (X) and K;(X). In view of Proposition Z3(1), we
have Koo (X) C N K(X¢-1).

On the other hand, the conclusion of the gauge theorem as well as its hypotheses
are also time-change invariant.

We now give some equivalent conditions for (X, u) to be gaugeable. The fol-
lowing two results should be compared with Lemma 9 and Theorem 4 in Chung
and Rao [12] respectively. Here a suitable sequence of stopping times is used for
time partition as opposed to a sequence of (deterministic) constants used in [12].
Suppose that y is a signed smooth measure with u* € K;(X) and Uy~ bounded.
Let AT and A~ be the PCAFs of X with Revuz measures ™ and pu~ respectively.
Let 7+ be the right continuous inverse of A;” ; that is,

7 =inf{s: AT >t}
with the convention that inf ) = co.

Lemma 2.7. Suppose that i is a signed smooth measure such that p+ € Ki(X)
and Up~ is bounded. If (X, 1) is gaugeable, then for any 6 > 0 there is a constant
¢(0) > 0 such that

oo

gl 9u(x) < Z E;[ea(Tns); Tns < (] <c(d) <o forallx € E.

n=0

Proof. Since the proof is the same for any § > 0, we take 6 = 1. Let S := {x €
E : P,(10 = 0) = 1} be the fine support of . The time-changed process Y; of
X by A* is defined by Y; = X,,. This time-changed process Y is a right process
on state space S in the sense of Sharpe [33] with lifetime ¢¥ = Azr. Note that for

Borel f > 0,
E, [/OOO f(Yt)dt} _E, [/OOO f(XTt)dt}

=5, | [ seeant| v,

Since ut € K;(X), there is p > 1 such that pu™ € K;(X). According to the
definition for pu* € K;(X), there is a Borel set K7 of finite 4 -mass and a constant
0 > 0 such that

(2.16) P sup HU(leuBu"’)Hoo = [ < 1.
BCK:pt(B)<d

(2.15)

Since (X, p) is gaugeable, g, (x) := E; [ea(¢)] is bounded and so
lim E;[ea(¢); 7n < (] =0 onE.

Thus for any given small € > 0 one can find an integer N large enough and a closed
subset K C K7 such that

sup E; [ea(Q); v < (] <&,
xeK

and ut(K; \ K) < §. Note that by (18],

plIUAKep )]loo < B < 1.
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Using Khasminskii’s lemma,

1
sup E; [ea(0x)P] < sup E,, [exp(pAL )] < <(1-p1)"1,
sup B lealow)’] < sup B lexeedz )] < Ty < 0 A

where o is the first hitting time of K by X. Now
Ezlea(C); an < (]
< Ezlea(Q); v <ok +Ezlea((); ox < 7n < Tan < (]
<|lgulloc Bzlea(or); v < ok]
+E, |ea(ox)Bx., [ea(Q); 7v < (J; ok < 4}
=I1+41I.

Denote by PY the probability law for the time-changed process Y and let o) be
the first hitting time of the set K (more precisely K NS) by Y. It follows from

(219) that
EY [of A¢Y] <EY [/OOO 1Ku(Yt)dt] =U(lgep™)(2).
Let ¢ > 1 be such that 1_13 + % = 1 and use Holder’s inequality,
1< |lgulloo (B lealor)?))” Pa(ry < o)/
<1 =B |lgullo Py (N < o)t/

lgullse (EY[o)k /\gy])l/q _ luulloo (U(chu+)(1:))1/q
= (Q-B)YPNYe = (1-py)Y/P NV

(B/P)" || gpll
(1 —B)Y/p NY/a:

<

So I — 0 uniformly as N — oo. On the set {ox < (}, X, € K and so

< ° <
L—U(lgept)lw = 1=

II <eE,lea+(ok); ox < (]

Thus for large N, sup,cp Ez[ea((); 7v < (] is small. By Jensen’s inequality and
the fact that by Proposition Z21U|u| is bounded, the gauge function g, is bounded
from below by a positive constant, say c;. So

E;[ea(tn); v < (] < 01_1 E, [eA(TN)gH(XTN); ™ < (] < 01_1 E.lea(¢); v < (].
Therefore, when N is large enough,

sup Eg [ea(tn); v < (=A< 1.
RIS D)

By the strong Markov property of X,

sup E; [ea(min); v < (] < N for k> 0.
el

Note that

E;[ea(r;); 75 < (] < Eglea+ () 75 < (] < €.
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N-1 .
Let M := ijo el. Then for 0 < j < N,

E; [ea(Tj1en); Tjaen < = Eg [GA(T]‘)EXTJ. (ea(min); v < Q)5 75 < 4}

< N\ OgmjiXNEx lea(r;); 7 < (] < A M.

All these inequalities lead to

oo oo N—-1
Eslea(rn); T < = > Y Ealea(mian); vty <

n=0 k=0 j=0
< NMY MN=NM1-X)""<oo

el
I

0

Finally, we have, by the strong Markov property of X,

(oo}
gu(@) = Y Euleal(); mn < ¢ < 7ot

n=0

< Z E; [ea(mn)gu(Xr,); T < (]
n=0

< lgulloe D Balea(ma)s < ¢

k=0
This proves the lemma. O

Remark 2.4. If E is Green-bounded, that is, if ||G1||s < oo, then an easy mod-
ification (without doing time change) of the above proof shows the following (cf.
Lemma 9 of Chung and Rao [12]).

Suppose that y is a signed smooth measure such that u* € Ky (X) and Up~ is
bounded. If (X, u) is gaugeable and ||G1||o < oo, then for any § > 0 there is a
constant ¢(d) > 0 such that

gl gpu(z) < ZE“’ [ea(nd); nd < (] <c(d) <o forallz e E.

n=0

Theorem 2.8. Suppose that i is a signed smooth measure such that p* € K (X)
and Up~ is bounded. Let AT and A~ be the PCAFs with Revuz measures p™ and
u~ respectively. If (X, u) is gaugeable, then

sup E, < 00.

zeE

/C ea(t)dAf

0

Proof. Note that

t t
/ ea(s)dAr < / eat(s)dAT =exp(A)f) —1
0 0
and by the definition of 7,

C(t) :==supE, [exp(Aj_;)] <el < o0.
zel
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Now
¢ e Tn+1/AG
E, / ea(t)dAf | = Eg ) / ea(t)dAf
0 n=0" Tn/\C
e Tn+1AG
- Y& [ eatanrin <<
oo T1AC
= Z ea(t)Ex,, </ eA(t)dA;r>;Tn<C]
o 0
< C@1) ZE” lea(mn): Tn < (],
which is bounded on E by Lemma [2.71 O

Remark 2.5. The above arguments can be easily modified, with 7. being defined
to be the right continuous inverse of |A]; as opposed to A;", to show that if 4 is a
signed measure in K;(X) such that (X, u) is gaugeable, then

/OC ea(t)d|Al,

where |A| = AT + A~ is the PCAF corresponding to the Revuz measure |u| =
+ —
prA .

sup E,.
zeFE

o,

Corollary 2.9. Suppose that i is a signed smooth measure such that p* € K (X)
and Up™ is bounded. Let AT and A~ be the PCAFs of X with Revuz measures ™+
and p~ respectively. Then the following are equivalent:

(1) (X, p) s gaugeable

(2) E, [fo ealt A+} < oo for somex € E;
(3) supsep Ex [ Jy ea(dAf | < oo

(4) E

(5)

Proof. Since

¢ ¢ — - +
(217) / eA(t)dAZr = / e_At deAt 2 eiAC (eA( — 1) Z @A(C) — 17
0 0

the equivalence between (1)-(3) follows immediately from Theorems 2:§ and 2.8]
For the remaining, observe that

[SUPK( €A(t)} < o0 for some x € E;
SUPxcE E, [Suptgg 6,4(1?)] < 00.

¢ ¢
eA(t):l—l—/O ea(s)dAs < 1—1—/0 ea(s)dAf,

and so

¢
(2.18) ea(C) < sup eu(t) < 1—|—/ ea(s)dAt.
0<t<¢ 0

The equivalence between (1)-(5) now follows. O
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We now present a result that will be useful in deriving an analytic characteriza-
tion of (X, u) being gaugeable in section 5.

Suppose p is a signed smooth measure such that pt € Ki(X) and Up~ is
bounded. Let AT and A~ be the PCAFs of X with Revuz measures u* and pu~
respectively. Let Y be the subprocess of X killed at rate p~; in other words, Y
is obtained from X through the Feynman-Kac transform e=4¢. Tt is known (cf.
Sharpe [33]) that Y is a right process, which is clearly transient and irreducible. By
Fitzsimmons and Getoor [I9], X and Y have the same class of smooth measures,
in particular, AT can be viewed as the continuous additive functional of ¥ with
Revuz measure pt. It is clear that the potential operator UY of Y satisfies UY < U.
Therefore pt € K1(X) C K1(Y) and UY p~ is bounded.

Theorem 2.10. Under the notation of the last paragraph, (X, pn) is gaugeable if
and only if (Y, ™) is gaugeable.

Proof. We have by 62 of Sharpe [33] and integration by parts,

¢ _ _
/ AT d (—e_AS ) + et e
0
< -
/ e~ A d AT
0

¢
/ eA (t) dAZ'_
0

Thus by Corollary 29, (X, i) is gaugeable if and only if (Y, ™) is gaugeable. O

EY [eA?} ~E,

(2.19) - E, +1

=1+E,

The following result can be obtained from Remark 2.4 using the same argument
as that for Theorem 6 in Chung and Rao [12]. It will be applied to give a char-
acterization of the gaugeability of (X, 1) in terms the positivity of the L2-spectral
radius of the corresponding Schrédinger semigroup @Qy:

Qif(x) = Eq [ea(t) f(X1)] -

Theorem 2.11. Suppose that ||G1||eo < 00 and that p is a signed smooth measure
such that p* € K1(X) and Up~ is bounded. Then the following are equivalent:
(1) (X, u) is gaugeable.
(2) For some § > 0 and some x € E,

(2.20) > Qusl(x) < o

(3) For all 6 > 0 and all z € E, [220) is true.
(4) For some x € E, [;° Q¢1(x)dt < oco.

(5) There exists some t > 0 such that ||Q1|lec < 1.

(6) There are constants C > 0 and b > 0 such that ||Q:1|l < C e~ fort > 0.

For the next result in this section, we assume in addition that X is m-symmetric.

Note that in this case, the Revuz formula (22]) holds. Let u be a signed smooth
measure such that 4™ € K;(X) and Up~ is bounded. Note that semigroup Q
can be viewed as the Feynman-Kac semigroup of Y by the transformation Al ,
where Y is the subprocess of X killed at rate u~ as mentioned above. So it follows
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from Proposition 23] and Stollmann and Voigt [36] (see also Getoor [24]) that the
Schrodinger semigroup @ is strongly continuous in LP(E, m) for every 1 < p < oc.
If we use L to denote the infinitesimal generator for the semigroup of X, then the
infinitesimal generator for the semigroup Q; is £ + u. For 1 < p < oo, define the
LP-spectral radius of the semigroup Q; by

1
Ap(X7 M) = _tliglo E IOg HQthJ"

Here ||Q¢||p,p is the operator norm of Q; : LP(E,m) — LP(E,m). The LP-norm in
L?(E,m) will be denoted as || - ||,. Clearly

[Qtlloo,00 = |Qe1]loc = sup E; [ea(t)] .
zeE

Since X is symmetric, the semigroup @y is symmetric in L2(E,m). Let (£,F) be
the Dirichlet space of X. Then the quadratic form associated with @; is given by
(Q,F) (see Chen and Song [9]), where

Qu,v) = E(u,v) — / u(z)v(x)p(d).

E

It is well known that the L2-spectral radius A\a(X, i) of @Q; can be represented in
terms of its quadratic form Q:

Ao(X,pu) = inf {Q(u,u) tu€eF with /Eu(x)2m(dx) = 1}

mf{g(u,u)— /E w(@)u(dz) : u e F with /

E

u(z)?m(dz) = 1} .

Theorem 2.12. In addition to the assumption made at the beginning of this sec-
tion, X is further assumed to be m-symmetric. Suppose that m(E) < oo and
|G1]|oo < c0. Let p be a signed smooth measure such that pt € K1 (X) and Up~
is bounded. Then (X, u) is gaugeable if and only if A\o(X, p) > 0. Furthermore, if
A2(X, 1) >0, then Ay (X, 1) is independent of p € [1,00].

Proof. Tt follows from the duality and interpolation that

[Qill1,1 = |Qtllcc,c  and  [|Qtll2,2 < [[Qellpp < [[Qtlloc,00 for 1 < p < oo.
Hence
(2.21) Moo (X, 1) < Ap(X, 1) < Xo(X,p) for 1< p < oo.

By Theorem ZTT], if (X, i) is gaugeable, then Ao (X, 1) > 0 and therefore Ao (X, )
> 0. Conversely, suppose \o(X, ) > 0. Then for any € € (0, \2(X, 1)), there is
to(e) > 0 such that

(2.22) 1Ql2,2 < e 2= for ¢ > t4(e).

Since 1 € L%(E,m), fooo Q:1dt is L*(E, m)-integrable. Hence by Theorem 2.11]
(X, u) is gaugeable. Now suppose A2(X, 1) > 0. Then for any € € (0, A2(X, p)), by

)

1Qillscce = 1Qi1llo < m(E) e C25=9 for ¢ > to(e).

This implies that Ao (X, 1) > Aa(X, 1) — e and so Moo (X, 1) > A2(X, pt). Hence by
ZZI), Moo (X, 1) = Ao (X, 1) = A\p(X, p) for all p € [1, 00]. O
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See Chung and Zhao [I3] and Chen and Song [7] for the characterization of
gaugeability of (X, ) in terms of the condition A2 (X, x) > 0 when X is a Brownian
motion and a symmetric stable process in a Euclidean domain, respectively, and
Simon [35] and the references therein for the LP-independence of spectral radius
Ap(X, 1) where X is a Brownian motion in R".

2.3. Gauge Theorem for Non-local Perturbations. In Chen and Song [9],
gauge and conditional gauge theorems were established for discontinuous additive
functionals of X. We now introduce a refined Kato class Joo (X)) for discontinuous
additive functionals and present its gauge theorem.

In this subsection, X is further assumed to be a Borel standard process on F,
instead of being a Borel right process. Here, a Borel standard process on the Lusin
space E is a strong Markov process satisfying the following conditions: (i) it is right
continuous, (ii) it has no branching points, (iii) its resolvents map Borel functions
into Borel functions and (iv) it is quasi-left continuous on (0, ¢), where ( is the
lifetime of the process. This additional assumption is to ensure the existence of
a Lévy system (N, H) for X (see Benveniste and Jacod [3] and Theorem 47.10 of
Sharpe [33]). Here H is a PCAF of X with bounded 1-potential, and N(z,dy)
is a kernel on (Eg, B(Es)) with N(x,{z}) = 0 for all z € E such that for any
nonnegative Borel function F' on E X Ey vanishing on the diagonal and any x € F,

t— fot (fEa F(Xs,y)N(Xs,dy)) dH, is the dual predictable projection of ¢
ngt F(Xs—, X,) under every P,; that is,

E. | F(X.,X,)|=E, U;[E F(Xs,y)N(Xs,dy)dH| .

s<t
The Revuz measure of H will be denoted as pg. To simplify notation, we write
NF(z):= [ F(z,y)N(z,dy).
Ep
Definition 2.4. Suppose F' is a bounded function on E x F vanishing on the
diagonal. We say that F' belongs to the class Jo(X) if the measure
wpy(d) = N|F| (@) (da)
belongs to K (X).

In Chen and Song [9], the corresponding Kato class, which we now denote as
Jo(X), is the family of those bounded functions F with HiF| € Koo (X). As already
seen, Joo (X) is an extension of Joo (X ) in that the Revuz measure pz does not need
to be absolutely continuous with respect to m.

For a smooth measure p associated with a continuous additive functional A*
and a Borel function F' on E x E that vanishes along the diagonal, define

(223) Al = ) F(X._,X.) and eanyp(t) =exp (Af +A]), t>0.
0<s<t
When p € Ki(X) and F € Jo(X), by Proposition [2:2 and the definition of
J oo (X),

sup E,, [Algul + Alqu < o0
zeE
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and so the gauge function ¢g(z) := Eg [eantr(C)] is well defined. Furthermore, by
Jensen’s inequality,

(2.24) inf Bqfeanir(C)] > 0.

Theorem 2.13 (Gauge Theorem II). Assume that a signed measure p € Kq(X)
and F € Joo(X). Then the gauge function g(x) := Ey [eantr(C)] is either bounded
on E or identically oo on E.

Proof. The proof is the same as that for Theorem 2.6 in Chen and Song [9], modulo
some suitable modifications. So it is omitted here. |

Definition 2.5. For p € K;(X) and F € Joo(X), we say (X, A" + F) is gaugeable
if the gauge function  — E, [eax4r(¢)] is bounded on E. Here A* is the continuous
additive functional of X with Revuz measure p.

The Feynman-Kac transform (223)) defines a semigroup

(2.25) Qif(x) :=Eg [eanyr(t)f(Xe)].

As suggested in Theorem 2.4 of Chen and Song [9], {Q:, ¢ > 0} is a semigroup
having infinitesimal generator of the form £+ pgF + p, where £ is the infinitesimal
generator of the semigroup of X and F is a non-local linear operator defined by

(2.26) Ff(x) ::/E (eF<w> - 1) fW)N(z,dy), z€E.

So the Schrodinger semigroup in (Z28) defines a non-local perturbation of X by
discontinuous additive functionals A* 4+ AF".

The results established above for (X, u) from Lemma 27 to Theorem can
all be extended to the non-local perturbation (X, A* + F'), along the same line of
arguments with suitable modifications. We now present these generalizations. First
let us recall the definition of the Stieltjes exponential Exp(K); of a right continuous
increasing function K; on R4 with Ky = 1. Exp(K); is the unique solution Z; of

Z, :1+/ Z,_dK,, t>0.
(0.]

By (A4.17) of Sharpe [33],
Exp(K;) =i [ (1+AK,),

0<s<t
where AK; = K, — K,_ and Kj denotes the continuous part of K;. Clearly
exp(K;) > Exp(K): with the equality holding if and only if K is continuous. The
reason for Exp(K); being called the Stieltjes exponential of K, is that by Doléans-
Dade [16] it can be expressed as

(2.27) Exp(K); = 1+Z/ thn/ dK,, | / dK,,.
—Jog (0,t5] (0, 2]
The advantage of using the Stieltjes exponential Exp(K); over the regular expo-
nential exp(K;) is that the Khasminskii inequality continues to hold for Stieltjes
exponentials in view of (Z27). It is stated as follows. If sup,cp Es [K:] < 1, then
(see Lemma 2.1 of Ying [41])

1

(2.28) E, [Exp(K)] < -— ]
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In Stummer and Sturm [37], a refined version of Khasminskii’s inequality is given.

Suppose that p € K;(X) and F € Joo(X). Let AT and A~ denote the PCAFs of
X with Revuz measures ut and p~ respectively, and let F'* and F'~ denote the pos-
itive and negative parts of F respectively. Recall that pp+(dz) :== NFT(x)puy (dz).
Let 74 be the right continuous inverse of the PCAF corresponding to the smooth
measure u + pup+, that is,

Tt—inf{s>0:Aj+/ NF*(X,,)dHT>t} for t > 0.
0

Lemma 2.14. Suppose that 1 is a signed measure in K1(X) and F € Jo(X).
Let A be the continuous additive functional of X with Revuz measure p and let
g(x) := By [earr(Q)] be the gauge function. If (X, A+ F) is gaugeable, then for
any 6 > 0 there is a constant ¢(0) > 0 such that
gl 9(x) <> Exleayr(tns); Ts < (] < () < oo forallx € E.
n=0

Proof. This lemma can be proved along the same line of argument as in Lemma
P70 with measure pu+ 4 g+, the additive functionals A + A and AT + AF" in the
roles of the measure 1, and the additive functionals A and AT there respectively.
The only places that need modifications are the estimates for E, [ep At +pF+ (UK)],
E; [ea+yp+(0k)] and Eg [ea+ g+ (75); 75 < (], which we give as follows.

Let p > 1 be such that put € K1 (X) and define Fy (z,y) = e?F (@¥) — 1. Since
F7 is bounded, we have

< pellpFﬂloo Ft and o, < pe”pF+||00 gt
With Afl = EO<s§t Fl(Xsvas)a

epa+ipr+(t) = exp ij—f—p Z F+(Xs_,Xs)
0<s<t
= exp(p4)) J[ 1+ FA(X.-, X,)
0<s<t

Exp (pA—i—AFl)t.

On the other hand, since
t e}
E, {Aﬂ —-E, [/ NFl(XS)dHS] <E, U NFE (XS)dHS} = Upp (z),
0 0

E, [A?l} < Upp, (z) < co. So A —fot NF,(X,)dH; is a uniformly integrable mar-

tingale under every P,. Thus E, [ALl | = E, [ [ NFI(X)dH,| < U(lxepr, )(z)
and

sup B, [pAS, + ADL] < (IU (ke (ppt + 1ry)) lloo

zeE
<p HU (L (1" 4 71 e )

Since v := put + pePlF e s € K;(X), in the display of [2I6) we can take a
Borel set K of finite v-mass and a constant & > 0 so that

p sup HU (1KfuB (M+ + 2IF Nl MF+>) H =0 <L
BCKy:w(B)<d 00

HOO
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Since (X, A+ F) is gaugeable, g(z) := E; [ea+r ()] is bounded and so
lim E; [eatr(C); 7n < (] =0 on E.
n—oo

Thus for any given small £ > 0, one can find an integer N large enough and a closed
subset K C K3 such that

sup By [earr(Q); v < (] <e¢
zeK

and K7\ K has mass less than § under the measure p+ + 2F e wr+. The set
K C K; has the property that

oo i (o )<

and so by Khasminskii’s inequality (Z28),

sup E, [epA++pF+ (UK)} =sup E, [Exp (pA* 4 AFI)UK:| <(1-p)"t
RIS D) z€E

Obviously,

sup E; [eq+ yp+ (0K )] < sup E, [epA++pF+ (UK)] <(1-p)"
z€E relR

To estimate Eg [e 4+ p+(75); 7 < (], we use the Cauchy-Schwartz inequality:

E; leatyr+(75); 75 < (]

7 1/2
< (Em {exp (2A7ij+2/ NF+(XS)dH5>;Tj<C]>
0

Tj
x |Eg lexp |2 ) F+(XS,,XS)—2/ NF*(X,)dH,
0

0<SSTJ'

1/2

< 927,

In the last inequality we used the definition of 7; and the fact that

t
texp (2 ) F+(X5,,XS)—2/ NF*Y(X,)dH,
0<s<t 0

is a positive local martingale and therefore it is a supermartingale under P,. With
these modifications, the proof for Lemma 7] carries over to get the conclusion of
this lemma. O

Theorem 2.15. Suppose that p is a signed smooth measure in K1(X) and F €
Joo(X). Let AT and A~ be the PCAFs with Revuz measures p* and p~ respectively
and A= AT — A=, If (X, A+ F) is gaugeable, then

sup E,.

¢
/ earr(d(AF + AF)| < oo,
x€ER 0

Proof. Let Fy := eF'" — 1. Since F* is bounded, so is F; and therefore there is a
constant ¢; > 1 such that

(2.29) 'R < Ft<ch.
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Note that
t t
/ eA+F(s)d(A;r+Af+) < / 6A++F+(s)d(A;r+A5+)
0 0
t
< / Exp(At 4+ A1) _ ef'(Xe—Xe) d(AT + A
0
< celfl= (Exp(AT + A™), —1).

By the definition of 73, Khasminskii’s inequality (2:28) and the Markov property of
X, we have

C(t) := ¢ elFill= sup E, [Exp(A* + AFl)TJ < 0.
relR

Now

¢
E, / earr()d(Af + AFT)
0

:E;c

o0 Tn4+1/C "
3 / earr(Od(AF +AF")
n=0"Tn/\¢

o0
= Z E,
n=0
o0
= Z E,
n=0

<CM) Y Eslearr(m): m <,

Tn4+1A¢ ot
/ earp(DA(AF + AF' ) 7, < ¢

n

TING
eatrr(mn)Ex,, </ earr(t)d(Af + Af#)) ; Tn < C]
0

which is bounded on E by Lemma [ZT4l O

Remark 2.6. The above arguments can be easily modified, with 7 being defined to
be the right continuous inverse of the PCAF corresponding to the smooth measure
|| + 11| as opposed to pt + pp+, to show that if u is a signed measure in K; (X)
and F' € Joo(X) such that (X, ) is gaugeable, then

sup E,,
zelE

< 00,

¢
/ easr(t) d(| Al + A
0

where |A| = AT + A~ is the PCAF corresponding to the Revuz measure |u| =
+ —

ut .

Corollary 2.16. Suppose that p is a signed smooth measure in K1(X) and F €

Joo(X). Let AT and A~ be the PCAFs of X with Revuz measures p* and p~
respectively, and let A= AT — A~. Then the following are equivalent:

(1) (X, A+ F) is gaugeable;
2) B, [f(f earr(t)d (Azr + Af+)} < 00 for some x € E;

(2)
(3) s Ba [ earr(t)d (A7 +AF7)] < o;
(4) E; [sup,<; eatr(t)] < oo for some x € E;
(5) sup,cp Eq [suptgg eA+F(t)] < 0.
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Proof. Let Fy = ef" — 1. Tt follows from 229) that
¢
/ earr(t)d (A;r + Af+)
0
_ - ¢
2 e*(Ac +A5 ) / €A+ P+ (t—)6F+(Xf’_’X1‘) d (A?_ + Af+)
0

R
> ¢ lem(Ac+aAl) / Exp(A* + F1),_d (Aj + Afl)
0

— L AFT +, 4Ft
=cpte AetAT) (eAc A~ 1)

>t (eayr(Q) —1).

The equivalence between (1)-(3) follows immediately from Theorems[ZT3 and
For the remaining, observe that

eA+F(t) =1+ /t €A+F(S—)d(As —l—Af)

0
+ Y (earr(s) —eayr(s—) —earr(s—)F(Xs-, X))
0<s<t

=1+ /t earr(s—)d (As +A5+>

0
+ Y (earr(s) —earr(s—) —earr(s—)FH (X, X))
0<s<t

t
< 1+62/ 6A+F(5—)d(A:+A§+>
0

t
<1+ coellFll / eA+F(s)d<Aj+Af+).
0

In the second to last inequality, we used the fact that F' is bounded and so
earr(s) —earr(s—) —earr(s—)FT(Xso, X;) < csearr(s—)FH (X, X).
Therefore,
¢ +
earr(C) < sup earp(t) <1+ 02/ earr(s)d (Aj + A7 )
0<t<¢ 0
and the equivalence between (1)-(5) now follows. O

By modifying the approach in the second proof of Theorem 7 in Chung and Rao
[12], we can establish the following.

Theorem 2.17 (Super Gauge Theorem). Suppose that p is a signed smooth mea-
sure in Ki(X), F € Joo(X) and that (X, A" + F) is gaugeable. Then there
is an g9 > 0 such that (X, AFTeoltl 1 F 4 ¢o|F|) is gaugeable. In particular,
(X, A0+ 1 (14 £)F) is gaugeable for all € € [0, o).

Proof. Let A and |A| be the continuous additive functionals of X with Revuz mea-
sures p and |u| respectively and let g(x) := E, [eatr(¢)] be the gauge function.
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Note that by (Z24), the function g is bounded from below by a positive constant.
We define a family of probability measures {Q,, x € E} by

Q. (A) = g(z) 'E; [earr({)1a] for A€ M.

To simplify notation we will also use Q. to denote the expectation under probability
measure Q. For any {M;}+>o-stopping time T', by the strong Markov property of
X, on {T < (},

Q. [ (141 + ALY = (14l + A1) | me]
< 1Pl + Qu [ (14l + AL™) 0 07| Mo
= 1Flloc + 9(Xr) ' Ba [ (easr(©)(14l + AL)) 0 02| Mo
= 1Fll +9(X1) " Bxy [earr(©) (|4l + AL
On the other hand, by Remark 28,

sup B (e (C) (141 +4L")]

= sup E,.
zelE

¢
/ easr(0)d(jAl, + A
0

= sup E,.
zelE

¢
/ earr(DEx, [earr(C)] d(|Al + AM)
0

¢
/0 eacr(t)d(A], + A)

< [|glloc sup Es
zcE

=1 < 0.

Hence
Qe [(1e + A1) = (141 + 457 | Ma]
<Flloe + e1llg™ oo
Now replacing A and F' above by £0A and o F', for g < ¢; ! we have
Q. [(€0|A|g + AZO‘Fl) — (50|A|T_ + A;?lF‘> ‘MT} <f#<1 foreveryzeFE.

Hence by John-Nirenberg’s inequality (see VI.190 of Dellacherie and Meyer [15]),

sup Qz [eeo\AH—eo\F|(C)] <00
z€E

and therefore

SlelgEx [€(Ateol A+ (Freo P ()] = SlelgEx leatrr(C)ecy|ajteo 1 (C)]

T ew (9(2)Qa [ex]aj+/(C)]) < 0.

So (X, (A +e9lA]) + (F +eo|F])) is gaugeable. Since
(1+e)A+ AN < A, +eo|Al, + AT for e € [0, 29),
(X, AU+er 4 (14 ¢)F) is gaugeable for all € € [0, ). O
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Remark 2.7. When X is symmetric, Theorems[ZTTland[ZT12] can also be established
for (X, A* 4+ F') and the Schrodinger semigroup

Quf(x) = Eq [eantr(t) f(X1)]
with almost the same proofs modulo the modifications as those made in the proofs

for Lemma [2.74] up to Corollary [Z16, where 1 € K1(X) and F € Joo(X) is sym-
metric. So we omit the details here.

3. CONDITIONAL GAUGE THEOREMS

In addition to the assumptions on X made at the beginning of the last section,
suppose now that there is another transient Borel right process

(Q ./\/l ./\/lt,Xt, x,xEE)

on the same state space F which is a strong dual of X with respect to the measure
m. That is, the semigroup {P;};>0 of X is the dual in L?*(E,m) to the semigroup
{Pt}tZO of X:

| f@Pg@m(ds) = [ g@Pif@m(da) for all f.g € 1(E,m)
E E

and the resolvents {U,} and {U,} satisfy the following conditions: for each o > 0,
a (B(FE) x B(E))-measurable potential density G, (z,y) can be chosen so that

() Ual,dy) = Galw,y)m(dy), Ua(w,dy) = Galy, z)m(dy);
(b)  x— Gu(z,y) is a-excessive for X, y — Gqo(x,y) is a-excessive for X.

When a = 0, we will drop the subscript and write G for Gg. In this setting we
do not need to assume a priori that the Borel right process X has left limits in
(0,¢). The strong duahty assumption above implies that both X and X have left
limits on (0,¢) and (0, C) respectlvely, more precisely, X;_ and X,_ exist in E
for all t € (0,¢) and t € (0, C) respectively. Note that under the above duality
assumption, the Revuz formula (IIZI) holds and therefore for any positive smooth
measure p, Up = Gu = [, G(-,y)u(dy).

The above assumptions also 1mply that an excessive function h of X is Borel

measurable. For any excessive function h of X that is finite m-a.e. on E, let
Ep:={reE:0<h(z)<oo} and define

h(y)p(t, z, dy)
h(z)

Then p” is a transition probability and determines a Borel right process X" on Ej,
(cf. Getoor and Glover [25]), which is called Doob’s h-transformed process of X.
Let E \ Ej be absorbing states for X*. Then by Proposition 5.4 of [25], X" and
X are in strong dual on E with respect to the measure hm and therefore X" has
left limits on (0,¢"). Note that m(E \ Ej,) = 0. We are going to use (" to denote
the lifetime of the h-conditioned process. For any z € E, we are going to use P”
and E” to denote the probability and expectation with respect to the h-conditioned
process starting from x respectively. When h(-) = G(-,y) for some y € E, we will
use PY and EY to denote the probability and expectation for the h-conditioned
process starting from x respectively. In this case, the lifetime " will be denoted as
¢Y and the process X" as XV.

(3.1) Pt z,dy) = t>0, z,y € Ey.
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It is clear that if u is an excessive function for X"*, then uh is excessive for X.
Furthermore, if A* is a PCAF of X with Revuz measure p, then by Proposition
5.1 of Getoor and Glover [25] and (Z1)

. L A 1t
lim Ef;,, [; /O f(X?)dAs] =limEy, [; /0 (hf)(Xs)dAs]

(3.2) Ho
- / F(@)h(z)p(dx),
E

for positive f > 0 on Ej,. Here we used the fact that hm is an excessive measure for
X" The above implies that A* is a PCAF of X" with Revuz measure h(z)u(dx).
Note that by ([B), X" has Green function

(3.3) G"(a,y) =
with respect to measure hm.

3.1. Conditional Gauge Theorem for Local Perturbations. The following
definitions for Kato classes Soo(X) and S;(X) are extensions of the corresponding
classes in Chen and Song [8] to measures that may not be absolutely continuous
with respect to m. Define d := {(z,w) € E x E: G(z,w) =0 or oo}, B, :={z €
E:0<G(z,w) < oo} and B, = {reFE:0<Gw,x) < o0}

Definition 3.1. (1) A signed smooth measure is said to be in the class Soo(X) if
for any € > 0 there is a Borel subset K = K (¢) of finite |u|-measure and a constant
d = d(e) > 0 such that

G(z,y)G(y, 2)
3.4 sup / — 2 u|(dy) < e
(3.4) (r2)e(ExENd e G(1,2) k()

and for all measurable sets B C K with |u|(B) < 0,

3.5 sup /— e
(3.5) (z,2)€(ExE)\dJB G(z, 2) |ul(dy)

(2) A signed smooth measure p is said to be in class S;(X) if there is a Borel
set K of finite |p|-measure and a constant § > 0 such that

Ba(p) :=  sup sup / GGl 2) lul(dy) < 1.
BCK:|u|(B)<d (z,2)E(ExE)\d JK<UB G(x,2)
By the same proof as that for Corollary 3.1 in Chen and Song [§], we have
Soo(X) C Koo(X) and S1(X) € Kq(X).
When X is a symmetric a-stable process in R™ with n > «, it is well known
that its Green function G(x,y) = c¢(n, a)|x —y|*~™ and the following 3G-inequality
holds:

% < C(Gx,y) + Gly, 2)).

S0 Soo(X) D Koo (X). We can also consider the Kato class S for the subprocess
of X. For domain D C R"™, let XP be the subprocess of X killed upon leaving D
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and let Gp denote its Green function. When D is a bounded C''''-smooth domain,
it is known (see Chen and Song [6] and Kulczycki [26]) that

1 Sp(z)*/26p(y)>/?
|z —y[n—e” |z —y[n—e

(3.6) Gp(z,y) =~ min{ } for x,y € D.

Here dp(x) is the Euclidean distance between z and D¢, and f ~ g means there
are c1,cg > 0 such that c;g < f < cag. We will not delve too far into concrete
examples of S, (X )-measures but will only mention the following.

Proposition 3.1. (1) A positive measure i is in Soo(XP) if and only if for every
relatively compact open set U C D, 1yp € K(X) and that for any € > 0, there is a
compact subset K of D such that

1
sup

- Gp(x,z)Gp(z, dz) < e.
zweD GD(T,Y) Jp\K p(z,2) Gp(z,y) u(dz)

(2) Suppose that D is a bounded C**-domain in R™. Then a positive measure
wis in Soo(XP) if and only if for every relatively compact open set U C D, 1y €
K(X) and that for any € > 0 there is a compact subset K = K () of D such that

p(y)*/?
sup ————Gplx, dy) < e.
2eD\K /D\K dp(x)/? (. y)u(dy)

Proof. The proof is similar to those for Propositions 4.1 and 4.2 in Chen and Song
[8], combined with applying Theorem 1 of Zhao [42] on a relatively compact smooth
subdomain U of D. So we omit the details here. O

Using estimate (B.6]) and the characterization in Proposition BI)2), concrete
conditions (see [8]) can be given for p € Soo (X P).

Proposition 3.2. For positive measure p € S1(X),

sup / G@9)CW2) |y < oo,

(zw)e(ExEN\dJE G(z,w)

Proof. The proof is similar to that for Proposition 222} so we omit it here. O

Suppose that x is a smooth measure of X with ™ € S;(X). Let A** and A~
be the PCAFs of X with Revuz measures p* and p~ respectively. We know from
B2) that A** and A"~ can be regarded as PCAFs of X" with Revuz measures
G(-,w)u™ and G(-,w)u~ respectively. Since ut € S1(X), we have by Proposition

and (33) that sup,cp EY [Agf] < oo for every w. Thus the conditional gauge

function E¥ {exp(A‘C‘w )} is well defined for (x,y) ¢ d.

Theorem 3.3 (Conditional Gauge Theorem I). Suppose that p is a signed smooth
measure of X such that u* € S1(X). If E¥[ea(C™)] is finite for some (xo,wo) €
(E x E)\ d, then E¥[es(¢")] is bounded on (E x E)\ d.

Proof. Applying the same idea as that in the proof of Theorem [2Z5(2), it can be
shown that G(-,w)ut € K;(Xv) for each w € E. The rest of the proof is the
same as that for Theorem 3.3 in Chen and Song [8], modulo some straightforward
modifications. O
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The conditional gauge theorem is important since the conditional gauge function
is the ratio of the Green function G4, for the Schrédinger operator £ 4 p with
the Green function G of X (see Lemma 5] below). Here £ is the infinitesimal
generator of (the semigroup of) X and £ + p denotes the infinitesimal generator
of the Schrodinger semigroup @ defined by Q:f(z) = E,[ea(t)f(X:)]. To the
author’s knowledge, this is the first time a conditional gauge theorem is explicitly
established for a potential p that is not absolutely continuous with respect to m,
even when X is a Brownian motion in R" or in a domain D C R™.

Definition 3.2. For a signed smooth measure p of X with u™ € S1(X), we say
that (X, u) is conditionally gaugeable if the conditional gauge function (x,w) —
E¥[ea(¢")] is bounded on (E x E)\ d.

It is possible to have the analogy of Corollary[Z9 for conditional gaugeability.

Theorem 3.4. Suppose that p is a signed smooth measure such that p* € S1(X)
and that

Gz, y)Gly,w)
(37) (x,w)zlgiE)\d/E G(wi) : (dy) = oo
Let A* and A~ be the PCAFs of X with Revuz measures p+ and p~ respectively.
Then the following are equivalent:
(1) (X, p) is conditionally gaugeable;
(2) E¥ [fo ea(t AJF} < oo for some (z,w) € (E x E)\ d;

)

(3) SUP (2 w)e(Ex E)\d Bz [fo ealt dAJr}

(4) EY [sup,;<cw ea(t)] < oo for some (x,w) € (E x E)\ d;

(5) SUP(y wye(mx mp\a BY [supi<cw ea(t)] < oo.
Proof. In view of (ZI8), it suffices to show the equivalence between (1)—(3). For
(z,w) € (E x E)\ d, define

Ew
/ ea(t)dAF
0

C'(U
/ ea(t)dAF
0

Suppose that (1) holds. Applying Corollary 2.9] to the conditional process
(X*,P¥ z € E,), where E, = {r € F: 0 < Gw,z) < oo}, we have
SUP,c . u(x w) < oo for any w € E. By Theorem 6.5 and Example 6.14 of
Getoor and Glover [25], for any (z,w) € (E x E)\d, the time reversal at its lifetime
of the process (X,P?) (obtained by reversing the conditional process (X¥, P¥)
at its lifetime ¢ and taking the right continuous version) has the same distribu-
tion as the conditional process ()?“’, f’ﬁ) Consequently, u(z,w) = u(w, z) and so
SUp, . u(w, z) < oo for every w € E. Let K be the Borel set and § the positive
constant in Definition Bl for 4t € S;1(X) such that

G((E, y)G(ya Z) +
sup —_— d
(z,2)e(Ex E)\d </E\K Glz,z) " (d)

s /Wwdy)) =Bty <1
)<éd

BCK:|u|(B G(z,2)

u(z,w) = EY and @(z,w) = EY,
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Note that u(z,w) is B(E x E) if we set u(z,w) = 1 for (z,w) € d. Hence {z €
K : sup,ecpu(z,w) > M} is B(E)-measurable since it is the z-projection of the set
{(z,w) € K x E: u(x,w) > M}. Since (\3;_o{x € K : sup,cpu(z,w) > M} =0,
we can choose M large enough so that the set {x € K : sup,cpu(x,w) > M} has
pt-measure less than §/2. Choose a closed subset K of K such that K\ K3 D
{z € K : sup,cgu(z,w) > M} and has p*-mass less than . Note that since
K{=K°U(K\ Ky),

G(l‘,y)G(y,'LU) + d +
(3.8) (LME%I)XE)\(;/KL ~Caww " (dy) < Ba(n™) < 1.

Now by the strong Markov property of X*, for every (z,w) € (E x E)\ d,

www) = E [/OUKI eA(t)dAzr}—i—Eg

88

C‘U}
/ ea(t)dAS; o, < Cw]

K1

< By | [ earanr | + B [eatom )Xz, wiox, <]
0
< (M+1EY [exp(4g, )| -1
M+1
1= Ba(pt)

In the second to last inequality, we used the fact that K is closed and therefore
X;"Kl € K; and so u(X;"Kl,w) < M on {0k, < ¢“}; in the last inequality, we
used B8) and Khasminskii’s lemma. This proves that (3) follows from (1). That
(3) implies (2) is trivial. Now suppose (2) holds for some (z,w). Then by ZI7),
EY [e4(¢(™)] < oo and therefore by Theorem B3] (X, ) is conditionally gaugeable.

([l

Note that by Proposition B.2, condition (B.7) is satisfied if 4 is a signed measure
in 81 (X) :

Suppose that p is a signed measure with ™ € K;(X) and Gu~ being bounded.
Let AT and A~ be the PCAFs of X with Revuz measures 4™ and = respectively,
and let A = AT — A~. Define the Schrédinger semigroup

(3.9) Qif(x) == Eqy [ea(t) f(X1)dl]

and the resolvent
(3.10) Vix):= /000 Qif (z)dx = E, {/000 eA(t)f(Xt)dt] .

Clearly Q; is a bounded semigroup in L*°(F,m) and we formally denote the infin-
itesimal generator of Q; as £ + u. Note that the semigroup @; can be viewed as
the Feynman-Kac semigroup of Y by the transformation eAr , where Y is the sub-
process of X killed at rate 4~ as mentioned above. When pt € K (X) N Ky (X),
it follows from Proposition [Z3 above and Theorem 4.15 in Getoor [24] that the
Schrodinger semigroup @ is strongly continuous in LP(E, m) for every 1 < p < oc.

The following lemma gives the explicit expression for the Green function of L+ .
Its simple proof using the property of h-transform seems to be new even in the
classical Brownian motion case (cf. [I3] and [14]).
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Lemma 3.5. (1) For every Borel function f >0,

E, [ I eA<t>f<Xt>dt} ~ [ B ea@)] fwymlay)

That is, V(z,y) := G(z,y)EY [ea(¢Y)] is the Green function of L+ .
(2) For any positive measure v € K1 (X),

B | [ eattiar] = [ Gtz lea@utan),

where A is the PCAF of X with Revuz measure v.

Proof. (1) Fix a bounded Borel measurable function fo € L?(E,m) that is strictly
positive m-a.e. on E and such that h(z) := [ G(z,y)fo(y)m(dy) is bounded. The
existence of such fy is guaranteed by Getoor [23] since X is transient. Clearly h is
an excessive function of X and so h(X;) is a supermartingale under P, for every
x € E. Moreover,

My = h(X;) — h(Xo) + /Ot fo(Xs)ds

is an L2-integrable martingale under P, with

(3.11) supE, [Mﬂ < 0
>0

for every € E. The latter is because h is bounded and that
) 2 oo )
( / fO(XS)ds) —9E, { / Jo(X.)Ex, { / fo(Xr)dr] ds}
0 0 0

< 2|Gfoll%, < oo
By Proposition 5.1 of Getoor and Glover [25] and 62 of Sharpe [33],

E,
(3.12)

| G B lealc?) Al folwym(dy) = hlz) BL [ea(¢") An)
_E, { /0 T lea(t) An) (—dM, + fo(Xt)dt)}
_E, UOOO (ea(t) An) fo(Xt)dt} .

In the last identity we used the fact that E, [ [~ (ea(t) An) dM;] = 0, which is a
consequence of (3:11). Letting n — oo, we have

[ B ea@ fatwmtan) =B, | [~ eatonxia

For a general Borel f >0, fi. := f A (kfo) is in L?(E,m) with G f; being bounded.
So we have from above

B | [ eat x| = [ GlaBLieatch)] futwmeas).

Passing k — oo proves Part (1) of the lemma.
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(2) For a positive measure v € K;(X), by Proposition [ZZ] function z —
E,[A{] = Gv(z) is bounded on E and therefore by a similar argument to that

for (B12) we have
E. [(4%)?] <2||Gv||s < oo

The rest of the proof is almost identical to that for (1) with h(x) := Gr(x) and A”
in place of fot fo(Xy)ds. O

Now we can show the equivalence of gaugeability and conditional gaugeability of
(X, ), and relate them to the subcriticality of £ + p (cf. Pinchover [30] and Zhao
[43]).

Definition 3.3. We call the Schrédinger operator £+ p subcritical if there is some
xo € E and a Borel subset B C E of positive m-measure such that V1g(zg) < oo,
where the resolvent V is defined by (BI0).

Theorem 3.6. Suppose that p is a signed smooth measure such that p* € S1(X)
and p~ satisfies B0). Then the following are equivalent:

(1) (X, ) is gaugeable;

(2) (X, p) is conditionally gaugeable;

(3) L + p is subcritical.

Proof. Note that ut € S1(X) € K;(X). By the same argument as that for Corol-

lary 3.1 in Chen and Song [§], condition (B.7) implies that Gu~ is bounded. Let

A" and A~ be the PCAFs of X with Revuz measures u™ and p~ respectively.
Suppose (X, ) is gaugeable. Then by Lemma [B5[2) and Corollary 29

sup [ Gla B feale] @) =sw B, | [ eatwaar| < o

z€E zel

Thus there is some (z,y) € (E x E) \ d such that EY [e4(¢¥)] < oo and so, by
Theorem B3, (X, ) is conditionally gaugeable. Conversely, if (X, 1) is conditionally
gaugeable, it follows from the same identity above that

sup E,, [/ eA(t)dAj] <c||Gut oo < 0
relR 0
and so (X, u) is gaugeable by Corollary 2.9 This proves that (1) and (2) are
equivalent.

To see that (2) and (3) are equivalent, note that by Lemma[3.5(1),

Vis(ao) = /B G20, y)BY, [ea(C¥)] m(dy).

If V1p(zg) < oo for some zy € E and some Borel set B with m(B) > 0, then
EY [ea(¢¥)] < oo for some y € E satisfying 0 < G(x0,y) < oo. Therefore by
Theorem 33, (X, i) is conditionally gaugeable. Conversely, if (X, ) is conditionally
gaugeable, then EY [e4(¢Y)] is bounded on (F x E) \ d. Since X is transient, by
Getoor [23], there is a set B C E of positive m-measure such that G1p is bounded
and therefore V'1g is bounded. This finishes the proof of the equivalence between
(2) and (3). O

Note that under the condition of Theorem [38], if £ + p is subcritical, then by
Jensen’s inequality, Lemma and Theorem [3.6] the Green function of £ + p is
comparable to that of L.
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The above definition of subcriticality for the Schrédinger operator £+ p is formu-
lated under the circumstance that we do not know if the resolvent density function
V(x,y) can be uniquely defined pointwise. Suppose now that

X, has continuous transition density function p(¢,x,y)

(3.13) with sup p(t,z,y) < oo,
z,yeE

and that p is a signed measure in So(X). Then by the same argument as that for
Theorem 3.17 in Chung and Zhao [I3], Q: has a continuous density function q(t, z,y)
which is strictly positive on R4 x E x E. In this case V(z,y) fo (t,x,y)dt is
pointwise defined and is the density kernel for the resolvent V. Clearly 1f Vl B(aro) <
oo for some xg € F and some subset B C E with m(B) > 0, then V(zg, yo) < oo for
some (zg,yo) € (E x E) \ d. Conversely, if V(z¢, yo) < oo for some (xg,yo) € (E x
E)\ d, then fE Vi(zo,2)q(1, z,y0)m(dz) < V(zo,y0) < 00. Since z — ¢(1, z,y0) > 0
is continuous, there is 7 > 0 such that V1p(,, ,)(20) < 00. So we have the following.

Proposition 3.7. Assume that condition BI3) holds and that 1 is a signed smooth
measure in Soo(X). Then L+ is subcritical if and only if V (xo,yo) < 0o for some
(z0,y0) € (E x E)\ d.

Remark 3.1. If the Schrodinger semigroup @ defined by (B3) has positive L2-
spectral radius, that is, if

o1
Ao (X, p) = _tlggo ;10g”Qt||2,2 >0,

then its resolvent V = [ Q.dt is a bounded operator in L*(E,m). This implies
that £ + p is subcritical by applying V' to the function f = 1p for some Borel
subset with 0 < m(B) < co. Hence under the condition of Theorem B8], (X, p) is
gaugeable. We see from Theorem . 12]that when X is symmetric and the state space
E satisfies certain conditions, A2(X, 1) > 0 is a necessary and sufficient condition
for (X, i) to be gaugeable. But in general A\3(X, p) > 0 is not a necessary condition
for (X, i) being gaugeable, even when X is a Brownian motion in R™. See Remark

B below.

3.2. Conditional Gauge Theorem for Non-local Perturbations. We now
turn to the conditional gauge theorem for discontinuous additive functionals. In
this subsection, we assume further that X is a Borel standard process having a
strong dual Borel standard process ()? , f’x, x € F) on E with respect to the measure
m. For any excessive function h of X, it is known from Kunita and Watanabe [27]
and Proposition 2.2 of Fitzsimmons [I8] that Doob’s h-transformed process X" is
Borel standard on Ej,. Recall that (N, H) is the Lévy system of X and pgy is the
Revuz measure for the PCAF H of X.

Definition 3.4. Suppose F' is a bounded function on E x FE vanishing on the
diagonal. Define pp|(dz) := ([ |F(x,y)|N(x,dy)) pg(de). Function F is said to
be in the class A (X) if for any € > 0 there is a Borel subset K = K(¢) of finite
pp-measure and a constant § = d(g) > 0 such that

(3.14) sup / G(z, y)wl\’(% dz)pr(dy) < e
(z,w)e(ExENdJ (K x K)° G(x,w)
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and for all measurable sets B C K with up|(B) <0,

F(y,2)|G(z,w
(3.15) sup / G, y)MN(y, dz)pm(dy) < e.
(z,w)e(ExE)\dJ (Bx B)U(Ex B) G(z,w)
The corresponding Kato class introduced by Chen and Song in [9], which will
now be denoted as A (X), is defined very similar to that of Ao (X) above except
conditions involving measure | are replaced by the measure m. As seen from the

last section, the new A (X) is an extension of A (X), which allows us to cover
the cases where uy may not be absolutely continuous with respect to m. By a
similar proof as that for Corollary 3.2 in [9], we have Ao (X) C Joo(X). Note that
by Proposition 3.2 and the definition of Ao (X), for u € S1(X) and F € A (X),

sup EY A‘C’fu‘-i- Z [F(XS, X < oo
(z,w)e(EXE)\d 0<s<(CY

Thus eantr(CV) is well defined under PY, where eqnqp(t) is given by (223).
Furthermore, by Jensen’s inequality,

1 i Ev ) y |
(3 6) (ﬂc,w)el(nExE)\d z [eA’ +F(< )] >0

Theorem 3.8 (Conditional Gauge Theorem II). Suppose that 1 € S1(X) and F €
A (X). If EVleansr(CV)] is finite for some (zo,wo) € (E x E)\ d, then
E¥[eantr(C?)] is bounded on (E x E)\ d. Here eanyp(t) is given by (2.23).

Proof. The proof is similar to that for Theorem 3.5 in Chen and Song [9] with
suitable modifications. So it is omitted here. O

Definition 3.5. For a signed smooth measure p € S1(X) and F' € A (X), we say
(X, A* 4+ F) is conditionally gaugeable if the conditional gauge function (z,w) —
EY[eart+r(¢")] is bounded on (E x E) \ d.

For p € K1(X) and F € Joo(X), let A be the continuous additive functional of
X with Revuz measure p and define the Schrédinger semigroup

Qif(z) == Eg[earr(t) f(Xi)] for f>0.

Its resolvent operator V' is defined as

(3.17) Viw = [ Qs =B, | [ eaetircxom).

As was mentioned earlier in section 2, the infinitesimal generator for the semigroup
Q: is formally £ + pugF + p, where the non-local operator F is defined by (2.26]).

Analogous to Lemma and with almost the identical proof, we have the fol-
lowing.

Lemma 3.9. Suppose that p € K1(X) and F € Joo(X).
(1) For every Borel function f >0,

E, [/OOO eAu+F(t)f(Xt)dt:| = /EG(:U,y)Egyc leansp(CY)] F(y)m(dy).

That is, V(z,y) := G(z,y)EY [eantr(CY)] is the Green function of L+ upF + p.
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(2) For any positive measure v € K;(X),

B | [ eanrda] = [ 6B eaner (@] utd),
0 E
where A is the PCAF of X with Revuz measure v.

Definition 3.6. We call the Schrodinger operator L+ p g F+p subcritical if there is
some zg € F and a Borel subset B C F of positive m-measure such that V1g(zg) <
00, where the resolvent V' is defined by BI7).

Theorem [3:6] has the following extension for the non-local perturbation (X, A" +

Theorem 3.10. Suppose that p € S1(X) and F € A (X). Then the following
are equivalent:

(1) (X, A* + F) is gaugeable;

(2) (X, A* + F) is conditionally gaugeable;

(3) L+ puF + p is subcritical.

Proof. Note that S1(X) C K1(X) and Ao (X) C Joo(X). Let AT and A~ be the
PCAFs of X with Revuz measures u* and p~ respectively. Let A = AT — A~
which is A%,

Suppose (X, A+ F) is gaugeable. Then by Lemma [B39(2),

/E G, ) B [eas r (V)] (i+ (dy) + NF* (y)urr (dy))

=5, | [Teanranr + [ earptNECOI) .

Since F' is bounded and fot NF*(X,)dH; is the dual predictable projection of Af+,

we have

E, [/OOO eA+F(t)NF+(Xt)dHt] ~E, [/OOO eA+p(t—)NF+(Xt)dHt}

~E, { / eA+F(t—)dAf*} .
0
Thus by Corollary 2216

/E G, ) B [earr (V)] (i (dy) + NF* (g)us (dy))

~E, U earr(t—)d(Af + Af*)] < 0.
0

Therefore there is some (z,y) € (F x E) \ d such that EY [e44r(¢Y)] < oo and so
by Theorem [3:8 (X, A+ F) is conditionally gaugeable. Conversely, if (X, A + F)
is conditionally gaugeable, it follows from the above calculation that

sup [ [ eacrOaiaf + 47| < 6 + (VP un) e < o0
TE 0
and so (X, A+ F) is gaugeable by Corollary 216, This proves that (1) and (2) are

equivalent.
To see that (2) and (3) are equivalent, note that by Lemma [3:5(1),

Vi(ro) = /B G0, yo)BY, [eas r(CY)] m(dy).
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If V1p(z9) < oo for some zy € E and some Borel set B with m(B) > 0, then
EY [earr(¢Y)] < oo for some y € E satisfying 0 < G(xg,y) < oo. Therefore by
Theorem B8, (X, A + F) is conditionally gaugeable. Conversely, if (X, A+ F) is
conditionally gaugeable, then EY [e 44 r(CY)] is bounded on (E x E)\ d. Since X is
transient, by Getoor [23], there is a set B C E of positive m-measure such that Glg
is bounded and therefore V'1p is bounded. This finishes the proof of the equivalence
between (2) and (3). O

Under the condition of Theorem B0, if £+ 1 F+p is subcritical, then by (B.16]),
Lemma [3.9 and Theorem B.I0, the Green function of £ + ugF + u is comparable
to that of L.

Noting that if ¢ € S1(X), there is an € > 0 such that (1 + ¢)|u| € S1(X), the
next result follows immediately from Theorem 2.17] and Theorem [3.10l

Theorem 3.11 (Super Conditional Gauge Theorem). Suppose that p € S1(X),
F € Ao(X) and that (X, A" + F) is conditionally gaugeable. Then there is an
g0 > 0 such that (X, AF+eoltl 4 F 4 ey|F|) is conditionally gaugeable. In particular,
(X, A0+ 1 (14 £)F) is conditionally gaugeable for all € € [0, o).

Remark 3.2. Theorem B4l can also be extended to (X, A" + F') where p € S1(X)
and F € Joo(X), with A+ F and AT + AF" in place of A and A™ respectively.
The proof is along the same line of reasoning as that for Theorem [3.4} so we omit
the details here.

4. LP-INDEPENDENCE OF SPECTRAL RADIUS

In this section, X is an irreducible transient Borel right process with strong dual
X and has Green function G(z,y) with respect to m, as given at the beginning of
the last section. For p > 1, define the LP-spectral radius

o1
Ap = — tlgrolo 7 log || P¢|lp,p-
Here || P|p,p is the operator norm of P, : LP(E,m) — LP(E,m). Clearly
| Pt so,00 = sup P (t < ().
zeE

Since

|Pef (@) < V/P(f2)(2) VPal(t < C),

we have

IPFI3 < 1P(f)lx sup Pa(t < ¢) < sup Po(t < ¢) | f13.
relE z€E
The last inequality is due to the fact that ||P,(f?)||;1 = fEf(x)Qﬁtl(x)m(da:) <
/13- Hence
[Pel[2,2 < sup Py (t < ) = [|Pl[oo,00-
z€E

Using the Riesz interpolation theorem, we have
(4.1) 1Pilla2 < [Pillpp < 1Pllocce for 2< p < ox.
This implies that

A2 2> Ap 2> Ao for all p > 2.
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If X is a symmetric process, then by symmetry of P, the last two inequalities hold
for all p > 1.

Applying Theorem 3.1, Corollary 3.2 and Lemma 3.5 of Sato [32] to the 1-
subprocess of X, we conclude
(4.2) sup E, [e*] < oo ifand only if A < Aw.

zeE

Theorem 4.1 (Independence of LP-Spectral Radius). Suppose that the constant
function 1 € Koo(X). Then Aoy = M. That is, the spectral radius X\p is inde-
pendent of p € [2, oo].

Proof. Note that Ao, < A2 and hence we only need to show that if A\ < Ay, then
A < Ax. For this, without loss of generality, we may assume 0 < A < Ap. Let
€ > 0 and ¢ > 1 be such that A + ¢ < Ay and /\L_FE —l—% = 1. It follows from
the definition of Ay that [|G_(xio)ll22 < o0, where G_, = fooo e* P,ds. Since
1 € Ko (X), by Definition 2.2, there is an open set K of finite m-measure such

that sup,cr Glge(z) < (2A\q)~!. Since 1x € L2(E,m), the function

G,()\JrE)lK(x) = Egc |:/ 6(/\+E)S1K(Xs)d8]
0

is L2-integrable. Using the elementary inequality

e()\+e)a . e()\-i-e)b > e()\-l—e)(a—c) _ 6(/\+5)(b—c) for a>b>c > 0’

we have
1+ (A +8)G_rio)1k(2) > E, [exp ((/\ te) /OOO 1K(Xs)ds>} .

Now by Holder’s inequality,

E,[e*] =E, {exp </\ /OOO e (Xs)ds) exp <)\ /OOO 1K(Xs)ds>}
< <E [exp <qA / N 1KU<XS)ds>]>”q
x (E {exp <(>\ o) / h 1K<Xs>ds)]>w“)

< 2l/a (1 + (/\ + €)G,()\+E)1K($)))\/(A+E) .

In the last inequality, we used Khasminskii’s inequality. Thus E,[e*¢] < oo m-a.e.
on E and therefore by Theorem P8, sup,cp E,[e*¢] < co. This implies A < A
and SO0 A\g = Aso. O

Theorem 4.2. Suppose that X has the strong Feller property (that is, G1 maps
bounded Borel measurable functions into bounded continuous functions) and that
for every e > 0, there is a compact set K such that sup,cp G1lie(x) < e. Then
1 € Koo(Y), where Y is the 1-subprocess of X. In particular, this implies that
A2 = Ao

Proof. First note that the strong Feller property implies that the resolvent kernel
G1(z,dy) is absolutely continuous with respect to m. Let GY be the Green function
for Y. Then clearly G¥ = G;. For any € > 0, let K be the compact set such that
sup,cp Gilge(xz) < e. We claim that there is a constant § > 0 such that for any
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Borel measurable subset B C K with m(B) < §, sup,cp G1lp(z) < €. Suppose
that this is not true. Then there is a decreasing sequence of Borel measurable
subsets By, of K with m(By) < 1/k such that sup,cz G11p,(x) > € for each k > 1.
By the strong Markov property,

sup G11p, (z) = sup G11p, ().

rel zeEK
Since G11p, is a bounded continuous function and K is compact, there is z;, € K
so that
(4.3) Gilp, (x) = sup G11p, (z) > €.

zelR

Taking a subsequence if necessary, we may assume that z, — x¢o € K. Since
G11p, (zo) decreases to 0 as k T 0, there is kg so that Gllgko (z0) < €/3. By the
continuity of z — Gy 1y, (z), there is a neighborhood U of zy such that
SUp,cyr Gllgko (x) < €/2. As xp — x0, x, € U when k > ko is sufficiently large
and so

GllBk(J?k) < GllBkO (xk) < 5/2,

which contradicts (43]). This proves the claim and therefore 1 € Ko (Y). Now by
Theorem E.T] the spectral radius A,(Y) of Y is independent of p € [2, oo]. Since
Y is the 1-subprocess of X, A,(Y) = A, + 1. Thus the spectral radius A, of X is
independent of p € [2, o0]. O

Recently Takeda [40] proved the LP-independence of the spectral radius A, un-
der the conditions of Theorem [.2] with an additional assumption that X is m-
symmetric, using a Donsker-Varadhan type large deviation principle approach.

5. ANALYTIC CHARACTERIZATIONS FOR GAUGEABILITY
AND CONDITIONAL GAUGEABILITY

In addition to the assumption made at tbe beginning of section 3, we assume in
this section that the process X is symmetric with respect to the measure m and
therefore, by results due to Albeverio-Ma and Fitzsimmons (see [28]), its associated
Dirichlet form (&, F) is quasi-regular on L?(E,m). It is shown in Chen, Ma and
Rockner [5] that such a process X is quasi-homeomorphic to an m-symmetric irre-
ducible transient Hunt process on a locally compact separable metric space whose
Dirichlet form is regular. So without loss of generality, we assume that X is an m-
symmetric irreducible transient Hunt process on a locally compact separable metric
space E whose Dirichlet (£, F) form is regular. It is well known that its L?-spectral
radius Ay has the following analytic characterization:

Mo = inf {g(u,u) . ue F with /Eu(x)Qm(da:) _ 1} .

We will use the result of LP-independence of the spectral radius A, from the last
section to give analytic characterizations of gaugeability and conditional gauge-
ability in terms of the associated bilinear forms, extending the results in Takeda
[40].

For a signed smooth measure pu, let A* be the continuous additive functional
of X with Revuz measure pu. Define e4(t) := exp(A}) and the gauge function
gu(z) = Ey [ea({)]. Recall that by Theorem 20 if 4 is in K4 (X), then g, is either
identically infinite or bounded on E.
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The following theorem was proved in Takeda [40] under some additional con-
tinuity and asymptotic assumptions (Assumption G there) on the Green function
G(z,y). The proof of our result is almost the same as that for Theorem 2.4 in [40].
For the reader’s convenience, we spell out the details here.

Theorem 5.1. Let u be a positive measure in Koo (X). Then (X, u) is gaugeable
if and only if

(5.1) inf {E(u,u) tu € F with /Eu(:c)Qu(dx) = 1} > 1.

Proof. Let 7 be the right continuous inverse of A}'; that is,
7 = inf{s: AY >t}

with the convention that inf ) = co. Let S := {x € E : P,(r9 = 0) = 1} be the fine
support of p and let S be the topological support of p. The time-changed process
Y} of X; by A* is defined by Y/ = X,,, whose state space is S. However, since
S C S modulo a set having zero capacity, the semigroup of Y* is pu-symmetric
and determines a strongly continuous semigroup on L?(Y,u) (cf. Theorem 6.2.1
of [22]). So this time-changed process Y* is a p-symmetric right process. Set
Hsu(x) := Ey [u(Xsg)], where og = inf{t > 0: X, € S}. Then the Dirichlet form

~

(E,F) of Y* on L%(S, pu) is given by
F= {p€ L*(S;pn) : ¢ =u p-a.e. on S for some u € F,},

-~

(5.2) E(p, ) = E(Hsu, Hsu), ¢ € F and u € F,
such that ¢ = u p-a.e. on S.

Here F, stands for the extended Dirichlet space of (£, F). Note that for every Borel

f=0,
B, | [ s . | [T sceoa) <. [ [T soeas]

:LGWWV@MMM

So the Green function of Y* with respect to p is G(z,y). Hence the constant
function 1 € Koo (Y*). Since Ag is the lifetime of the time-changed process Y, by
Theorem E.],

sup E,, [eAg} < oo ifand only if A(Y) > 1.
zesS
Note that

A2(Y) = inf {g(go,ap) . p € F with /
s

which by Lemma 3.1 of Takeda [39] is the same as

= mf{g(u,u) :u € F with /Eu(x)Qu(dx) = 1}.

The theorem is now proved. (|

mm%uw—1}

Using Theorem ZI0 we can extend the above theorem to the case where the
potential u is a signed measure.
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Theorem 5.2. Suppose that i is a signed smooth measure such that p* € Koo (X)
and Gu~ is bounded. Then (X, u) is gaugeable if and only if

(5.3) inf{é’(u,u)+/}3u(m)2u_(da:) cueF with /Eu(x)Q,ﬁ(dx) _ 1} > 1.

Proof. Let AT and A~ be the PCAFs of X with Revuz measures p* and p~
respectively. Let Y be the subprocess of X killed at rate p~; in other words, Y
is obtained from X through the Feynman-Kac transform e~4¢. It is known (cf.

Fitzsimmons [I8]) that Y is a symmetric Markov process on L?(E,m) with Dirichlet
form (Y, F), where

(5.4) EY (u,v) = E(u,v) —|—/ u(z)v(x)p (dz) for u,v € F.
E

By Fitzsimmons and Getoor [19], X and Y have the same class of smooth measures;
in particular, AT can be viewed as the continuous additive functional of Y with
Revuz measure put. It is clear that the Green function GY (z,y) of Y satisfies
GY (7,y) < G(z,y). Therefore u* € Koo (X) C Koo(Y) and GY = is bounded. By
Theorem 210, (X, 1) is gaugeable if and only if (Y, uT) is gaugeable. The latter is
equivalent to (B.3) by Theorem ETland (54]). O

Putting Theorem [3:6l and Theorem 2] together yields the following.

Theorem 5.3. Suppose that p is a signed smooth measure such that p* € S (X)

and
wp / G pGww) ~ 0 - o,
(z,w)E(EXE)\dJE, G(z,w)

Then the following are equivalent:
(1) (X, ) is gaugeable;
(2) (X, u) is conditionally gaugeable;
(3) Schrédinger operator L + p is subcritical;
(4) Inequality [B3) holds.

Remark 5.1. The L2-spectral radius characterization of the gaugeability of (X, u)
given in Theorem P-12] while very useful, requires the state space E to have finite
m-mass and be Green-bounded. The characterization given in Theorem does
not have this restriction. Note that Theorem 212 fails if its condition on the state
space FE is not satisfied. For example, let E = R™ with n > 3, let X be a Brownian
motion on R™ and let p be the surface measure of a sphere with radius R. Then
clearly A2 (X, p) < 0 since the bottom of the spectrum for the Laplacian in R™ is
zero. However, using the analytic characterization (51I), it was shown in Takeda
[40] that (X, u) is gaugeable if and only if the radius R < (n — 2)/2.

However, under the condition of Theorem 63 as we noted in Remark [B.1], if
Ao(X, 1) > 0, then (X, p) is gaugeable and hence inequality (5.3) holds. This fact,
that condition A2(X, u) > 0 implies that inequality (53] holds, has been observed
in [40] using a bilinear form technique.

Using Theorems and B3] we can give an alternative proof for Theorems
217 and BIT] when the Feynman-Kac transforms are given by continuous additive
functionals.
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Theorem 5.4. (1) (Super Gauge Theorem) Under the conditions of Theorem [5.2,
if (X, 1) is gaugeable, then there is an g9 > 0 such that (X, u+ eo|p|) is gaugeable.
In particular, (X, (14 e)p) is gaugeable for all e € [0, &0].

(2) (Super Conditional Gauge Theorem) Under the conditions of Theorem[53, if
(X, ) is conditionally gaugeable, then there is an g € (0,1) such that (X, u+eo|p)
is conditionally gaugeable. In particular, (X, (1+¢e)u) is conditionally gaugeable for
all € € 10, &)

Proof. Note that

inf {E(u,u)—l—(l—ao)/Eu(m)Qu(da:) : u€F with /

Eu<x>2<1+ao>u+<dx>=1}

€o E

> 1 n 0 inf {E(u,u)—i—/ uw(z)?p~(dz) : ueF with / u(m)2u+(dx)=1} ,

E
which will be larger than 1 if ey € (0,1) is small enough under the assumption that
(X, u) is either gaugeable or conditionally gaugeable. Thus (X, i 4 €o|u|) is either
gaugeable or conditionally gaugeable by Theorems [5.2] and [5.:3] The remaining
assertions follow from the observation that (u + eolp|) — (1 + €)p is a nonnegative
smooth measure when ¢ € [0, o). O

Theorem [5.3] was first proved by Takeda [40] using a different approach, under
some additional assumptions on the process X and its Green functions (Assump-
tions G, P and D there). Analytic characterizations such as those in Theorems
and b3 are very useful in determining whether (X, u1) is gaugeable or conditionally
gaugeable in concrete cases. We refer the reader to [40] for some interesting exam-
ples where analytic characterizations are used to give explicit conditions on when
(X, ) is gaugeable or conditionally gaugeable, where X is a Brownian motion or a
symmetric stable process on R™ and p is a linear combination of surface measures
of concentric spheres.

We also refer readers to Chung and Zhao [I3] and Zhao [43] for equivalent condi-
tions for gaugeability and conditional gaugeability in the classical Brownian motion
setting, to Chen and Song [7] for equivalent conditions of gaugeability for symmetric
stable processes in bounded domains, to Chung and Rao [12] for general gaugeabil-
ity in a related setting, and the references therein for other related works.

Analytic characterizations for the gaugeability and conditional gaugeability of
(X, A* + F) will be addressed in a subsequent paper.
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